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1 Introduction 

Definition 1 Given a non-zero polynomial P(x) £ <C[x] and a positive integer 
k, the k-higher Mahler measure of P is defined by 

or, equivalently, by 

m k (P) := f log k \P(e Me )\d6. 
Jo 

We observe that for k = 1, mi(P) is the classical (logarithmic) Mahler 
measure given by 

n n 

m(P) := log |a| +^log + \rj\, for P(x) = a JJ(a; - r,-) 

3=1 »=1 

where log + i = logmaxjl, i} for a non- negative real number t. This object first 
appeared in a 1933 paper by Lehmer [5] in connection with a method for con- 
structing large prime numbers. A generalization to multivariable polynomials 
appeared in a work by Mahler [10] (who was interested in tools for tran- 
scendence theory) about 30 years later. The generalization to higher Mahler 
measures was recently considered in [5] for the first time. 

Higher Mahler measures of polynomials are usually very hard to compute, 
even for simple linear polynomials in one variable. However, the investigation 
carried out in [B] reveals direct connections between these measures and spe- 
cial values of zeta functions and polylogarithms. In the case of the classical 
Mahler measure, analogous relations with special values of L-functions have 
been explained by Deninger [4] and others in terms of evaluations of regulators 
in the context of Beilinson's conjectures. One of the motivations for consid- 
ering higher Mahler measures (in addition to classical Mahler measures) is 
that they yield different periods from the ones that we obtain from the usual 
Mahler measure thus revealing a more complicated structure for the regulator 
(see [7] for more details). 

One of the tools for studying general fc-higher Mahler measures is the 
following: 

Definition 2 For a finite collection of non- zero polynomials Pi, . . . , Pi £ C[x], 
their multiple Mahler measure is defined by 

1 f dr 
m(P 1 ,...,P l ):=— / log|P 1 ( !C )|...log|fl( a 0| — ■ 

Our main interest in this note is the case of P{x) £ Z[x] but we consider 
other cases as well, such as products of cyclotomic polynomials. We recall the 
following well-known theorem of Kronecker [5] : 
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Theorem 3 Let P(x) — 11^=1 1 2 - — rj) £ Z[x]. If \rj\ < 1 for each j, then the 
Vj 's are zero or roots of unity. 

An immediate consequence of Kronecker's theorem is that for a non-zero 
polynomial P(x) € Z[x], m(P) = if and only if P is monic and is a product 
of powers of x and cyclotomic polynomials. 

Lehmer [9] asked the following question: Given e > 0, can we find a poly- 
nomial P{x) € 1\x\ such that < m(P) < e? 

This question is still oper0- The smallest known measure greater than is 
that of a polynomial that he found in his 1933 paper: 

m(x w + x 9 -x 7 -x 6 -x 5 -x 4 -x 3 + x + l) = 0.1623576120 .... 

A polynomial P{x) is said to be reciprocal if P(x) = ±x P where d — 

deg P. Notice that the above polynomial is reciprocal. Lehmer's question was 
answered negatively by Breuschp in pQ for nonreciprocal polynomials. 

Lehmer's question has attracted considerable attention in the last few 
decades, as it has connections beyond number theory, such as entropies of 
dynamical systems and to polynomial knot invariants. 

In this note, we explore the analogue of Lehmer's question for mk for k > 1. 
We investigate lower bounds and limit points for higher Mahler measures and 
the value of mi and m.3 at cyclotomic polynomials. 

Our main results are the following: 

Theorem 4 If P(x) G Z[x] is not a monomial, then for any h > 1, 



m 2h (P) > 




if P{x) is reciprocal, 

if P{x) is non-reciprocal. 



This theorem is significant because the lower bound it provides is general and 
unconditional. Unlike well-known results regarding the lower bound for m(P), 
the above theorem is not restricted by the behavior of the coefficients, degrees, 
or the reducibility properties of P(x). In particular, this result implies that 
Lehmer's question has a negative answer for m%h. 

A careful study of the proof of Theorem 2] reveals that m-i (P) for P re- 
ciprocal is minimized when P(x) is a product of monomials and cyclotomic 
polynomials. Therefore, it is of interest to find out explicit values of 2-highcr 
Mahler measures of cyclotomic polynomials. In this direction, we prove the 
following theorem. 

Theorem 5 For a positive integer n, let 4>n(x) denote the n-th cyclotomic 
polynomial and (p Euler's function. Then 

m{4> m {x),<t> n (x)) = — 11 P, 

p|mn,pf(m,n) 



1 See I13| for a recent general survey on the status of this problem. 

2 Later Smyth worked on this problem independently in 12 and found the best possible 
constant. 
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where r(x) denotes the number of distinct prime divisors of x and the product 
is taken over prime numbers p. In particular, for m — n, we get 

m 2 {4> n {x)) = — • 

This theorem allows us to compute m 2 (P) for P any product of cyclotomic 
polynomials. This naturally leads us to investigate the 3-higher Mahler mea- 
sure of such polynomials. We therefore prove the following theorem which 
relates m 3 (P) to ((3) and the polylogarithm. 

Theorem 6 If P(x) has all its roots on the unit circle, in other words, if P(x) 
has the form 

n 

P{x) = Y[{x-e 2m i), 

3=1 

with < ct\ < ■ ■ ■ < a n < 1, then 

m 3 (P) = -^n 2 C(3) -3n ]T C 3 {2n{ ai - a k )) 

l<k<l<n 

-3tt S 2 (2n(ai - a k )) (n( ai - a k ) - (I - k)) , 

l<k<l<n 

where 

^ / \ cos(nt) , „ , . ^2, s'm(nt) 

c ^ = T,^r 1 and W = E^r i 

n— 1 n— 1 

are the Clausen functions given by real and imaginary parts of the classical 
polylogarithm Lie (e 2mt ) defined by 

00 n 
n=l 

in the unit disk. 

Lehmer's question can be rephrased as whether is a limit point for values 
of m. We generalize Lehmer's question by asking if is a limit point for values 
of m 2 fe+i for k > 1. In this context, we prove the following. 

Theorem 7 Let P n (x) = . For h>l fixed, 

lim m 2 h+i(P n ) = 0. 

n— >oo 



Moreover, this sequence is nonconstant. 
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We obtain, in this way, a positive answer for Lehmer's question for m 2 h+i- 

Section [2] contains a proof of Theorem 21 which relies upon a lower bound 
for mi for products of cyclotomic polynomials. We obtain some explicit formu- 
lae for mi for cyclotomic polynomials and their products in Section [3J thereby 
proving Theorem [5] Section 0] contains some partial results towards m% for cy- 
clotomic polynomials. In particular we prove Theorem|6]in this section. Section 
[5]presents results about limiting points for rrik- We first consider an TO3-version 
for Theorem [7J in 15.11 A fundamental ingredient in the proof of Theorem [7] is 
a theorem of Boyd and Lawton which shows that the Mahler measure of a 
multivariable polynomial arises as a limit of Mahler measures of polynomials 
of one variable. In 15.21 we discuss a generalization of Boyd-Lawton theorem 
and prove the limit of TheoremUJ In Section 5.3 we prove that these sequences 
are non identically zero. Finally, Section [5] includes a discussion about future 
questions and a table with values of mi(P) for the reciprocal non-cyclotomic 
polynomials P of degree less than or equal to 14 and m(P) < 0.25. We observe 
that all the polynomials in the table have lower values of mi than Lehmer's 
degree 10 polynomial. 



2 A lower bound for 2/i-Mahler measures 

In this section, we prove Theorem U In order to do that, we first find a lower 
bound for mi of products of cyclotomic polynomials. 

Theorem 8 If P(x) is a product of cyclotomic polynomials and monomials, 
but is not a single monomial, then 

Before proving this, recall the following theorem from [6] (Theorem 7): 
Theorem 9 For < a < 1, 

mil -x,l- e 2ma x) = ^-( a 2 -a+l 
2 \ 6 

We also need the following property: 

Lemma 10 If P{x) has all its roots on the unit circle, in other words, if P(x) 
has the form 

n 

P(x) = H(x-e 2 ^), 

3=1 

with < otj < I, then 

7T 2 / 1 

m 2 (P) = — U a 3~ «fe) 2 - \ a 3 - "fel + g 

l<j,k<n \ ' 
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Proof. By applying Theorem we can express m,2(P) in terms of the argu- 
ments on: 

m 2 (P) = m (! - e 27rMj x,l - e 2mak x) = ^ m(l - x, 1 - e 27ri|Q ^ Qfc| x) 

l<j,fc<n l<j,fc<n 

= Y XI ((a J ~a k ) 2 ~\a J -a k \ + ^ 
l<j,k<n ^ ' 



□ 



Proof. [Theorem [8]: Since log |x| = on the unit circle, the monomial factors 
do not change the value of m,2(P). Thus, we may assume that P(x) can be 
written as 

2n 

P(x) = {x-l) a (x + l) b Y[{x-e 2 ™ a >) 

3=1 

with < ot-x < • • • < Q;2 n < 1 with ay = 1 — am+i-y In addition, a, G {0, 1} 
as they account for the fact that we may have an odd number of factors x — 1 
and/or x + 1 in the product. Using that m(x + 1, x — 1) = — ^ and Lemma 
[TUl we obtain 

ma(P) = am2(x — 1) + bm^ix + 1) + 2abm(x + 1, x — 1) 

(2n \ / 2n 

x - 1, JJ(x - e 27rM + 26m x + 1, J|(x - e 2 ™^) 

(2n 
J[(x-e 2 ^) 

tt 2 I a + b — ab „ ( 9 1 



2 _ 

6 ' ""•frf V ' " J ' 6 





1 






J 2 



4 "E 



2n 

2 



2n 2 

^ (2a jak + \aj - a fc |) + — 

l<j,k<2n 

o 1 , , 2n 2n 2n 

— V2(a + b)2_^a 2 -2a2_^aj-Ab ^ aj+bn 

3=1 3=1 3=«+l 

2n 2n 2n 

+4n^a 2 -2 X aj-afe - 2^ jaj ■ + 2^(2n + 1 - j)a 

3=1 l<3,fe<2n j=l 2=1 

2n(n + a + b) s 
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Because of a 3 ; = 1 — o^n+i-j, we have that Y^j=i a j — 71 ■ This implies that 



,2 



2n 2n 2n 



ma(P) = y 2(a + 6 + 2n)^«i- 46 E " • >»'• 

\ J=l j=n+l j=l 

„ . „. n(2n — 4a + 56) a + 6 — a6 
+2n(n + 1) + ->- i + 



Let a := aj with 1 < j < n so that < a < |. In this case, we define 

g(a) := 2(a + 6 + 2n)(a 2 + (1 - a) 2 ) - 4(ja + (2n + 1 - j + 6)(1 - a)) 
= 4(a + 6 + 2n)a 2 + 4(1 - 2j - a) a + Aj + 2a - 26 - 4n - 4. 



Since we have a quadratic equation, the minimum of g(a) is achieved with 

" - 2(a+5+2n)' 1 flUS 

fa + 27 - l) 2 

9 (a) > - , + 4j + 2a - 26 - An - 4. 

a + 6 + 2n 

We use the bound on g(a) in order to obtain 

>- 1 + « + 2 « - 2 " - 4 " - 4 ) 

„ , „ , n(2n — 4a + 56) a + b — ab 

+2n(n + 1) + -i i + 

3 o 

= / 4j 2 4(6 + 2n+l). 7 _ (a - l) 2 \ 

^ V a + 6 + 2n a + 6 + 2n a + b + 2n J 



3 = 1 



n(An - 2a + 6 + 6) a + 6 - a6 

3 + 6 

2n(n+ l)(2n + 1) 2(6 + 2n + l)n(n + 1) (a-l) 2 n 



3(a + 6 + 2n) a + 6 + 2n a + 6 + 2n 

n(4n - 2a + 6 + 6) a + b-ab 
3 + 6 

2n(n + l)(36 + 4n + 2) (a - l) 2 n 



3(a + 6 + 2n) a + 6 + 2n 

n(An - 2a + 6 + 6) a + 6 - a6 
3 + 6 

_ 1 
~ 6' 

where the last equality is valid for any of the four cases with a, 6 G {0, 1}. 
Thus, 

7T 2 

m 2 (P) > — = 0.8224670334 .... 
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□ 



Remark 11 Observe that the previous proof only uses the fact that P is recip- 
rocal with roots on the unit circle. Therefore, Theorem^ applies to this family 
of polynomials. 

In order to prove Theorem [4J we extend Theorem [8] to reciprocal polyno- 
mials: 

Theorem 12 If P(x) £ Z[x] is reciprocal, then 

m 2 (P) > ^- 

We will need the following result which is Remark 9 in [6]: 
Lemma 13 For a, b £ C, 

r ±ReLi 2 (a6) z/|a|,|6|<l, 

m(l -ax,l- bx) = { ±ReLi 2 (6/a) if \a\ > 1, \b\ < 1, 

k |ReLi 2 (l/a6)+log|a|log|6| |a|,|&| > 1, 
where Li 2 is the dilogarithm function. 

Proposition 14 Let ri, . . . , tm be fixed real numbers in [0, 1) and ci, . . . , cm > 

0. The function 

x ^ S# COS(27T7l7i) 

f{yi,...,y M ) = 2^ C *Z^ - 2 

j=l n=l 

attains its minimum in [0, 1] M at a point where yi £ {0, 1} for each i. 
Proof. For a fixed r <E [0, 1), we first study the function 

y n cos(27rnr) 
n 2 

n=l 



g(y) = E 



in the interval [0, 1]. In this interval, g(y) attains its minimum either at the 
end points or when g'(y) = 0. However, 



27TZT I 



9 (y) = - V = — log 1 - ye 

y * — ' n y 1 

y n=l y 

Thus, we get a critical point when |l — ye 2mT \ = 1, that is, when 
(1 - ycos(27rr)) 2 + {y sin(27TT)) 2 = 1 
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and therefore, yo — 2cos(27tt). We need to determine what kind of point yo 
is. Observe that 

g"(y) = 1 fog 1 1 - ye 2nT I + \ Re ( - . ) . 

y Kyj y 2 ' w 1 y 2 \1- ye 2mT J 

Thus, 

g"(y ) = \ Re (y e 2 ^ T (l - y e~ 2mT )) = \ (2/0 cos(2ttt) - y 2 ) = -\ < 0. 

Then, yo is a (local) maximum point for g(y). Therefore, the minimum for 
g{y) in [0, 1] is either at y = or y = 1. Since each ci > 0, we conclude that in 
the interval [0, 1] M , f(yi, ■ ■ . , i/m) attains its minimum at a point where each 
yi is either or 1. □ 



Remark 15 From the above analysis it also follows that if /(j/i, . . . , Vm) > 
f(ax,...,a M ) for all (yi,...,y M ) £ (0, 1) M , £/ien eac/i G {0,1}. 

Proof. [Theorem IT2"] . Let be a reciprocal polynomial in 7L\x\. If P is not 
monic, we can write P{x) — CQ(x) with C € Z and 

m 2 (P) = log 2 C + 2\og Cm{Q) + m 2 {Q) >m 2 {Q), 

where we are using that C > 1 in the inequality. 

Therefore we can assume that P is monic. Thus we write 

./ 

P(x) = (x- l) a (x + l) b l[(x- r 3 )(x - rj 1 ) 
3=1 

where \rj\ < 1. We write rj = pje 2mtlj with < pj < 1. Here we need to 
clarify what for pj = the product (x — rj)(x — rj 1 ) should be interpreted as 
the product x ■ 1. It is important to understand that Lemma [T3] is still valid 
in these cases since Li2(0) = 0. 

In addition, a, b £ {0, 1} as they account for the fact that we may have an 
odd number of factors x — 1 and/or x + 1 in the product. 

Then 

J 

rri2(P) — arri2(x — 1) + bm-iix + 1) + 2abm{x + 1, x — 1) + 2a m{x — 1, x — rj) 

3=1 

,/ 

+2b m (x — 1, 2; — r^ 1 ) + m(x — , x — r j2 ) 

3=1 1<J1,J2<J 

+ ^(x-rj^x-rj 1 ) +2 ^ m (x - r n , a; - rj 1 ) . 

l<h,h<J i<ji,h<J 
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Using that m(x + l,x — 1) = — and applying Lemma fl3l 

2 J 
m 2 (P) = (a + b-ab)^ + (a + b) ^ Re Li 2 (r,- ) 

+ XI ( 2ReLi 2(^i^) + log Jrj! j log |rj 2 j) . 
i<h,h<J 

By writing the dilogarithm in terms of its power series, we get 

m!( P) _(.+»- „4 + m(P) * + ( . + ») £ £ "? cos ^" ft) 

i^ 

+2 y> g&*% cos(27rn(^ 1 - ^- 2 )) ^ 

l<Jl,i2<J"=l 

Thus, the problem of minimizing m 2 (P) reduces to the problem of mini- 
mizing the terms in the above expression. First let us fix the arguments \Xj. 
As a consequence of Proposition Rbll and Remark [T5l we see that the last term 
involving a series reaches its minimum when pj € {0, 1}. This condition also 
minimizes the other term involving a series, although that term can be ignored 
if a = b = 0. This means that there are no roots with absolute value greater 
than 1. This also minimizes the first term m(P) 2 which is nonnegative for 
P(x) monic and zero if all the roots of P{x) are of absolute value (less than 
or) equal to 1. Now if we allow the arguments pj to vary, the minimum m,2(P) 
is still attained when all the roots have absolute value in {0, 1}. Since P is 
reciprocal and its roots have absolute value 1, we can apply Theorem [5] and 
Remark [TT] to conclude that 

m 2 (P) > — . 

□ 

In order to prove Theorem 0] we need to say what happens when P is not 
reciprocal. 

Lemma 16 If P(x) G Z[x] is nonreciprocal, then 

m 2 (P) > w 

Proof. Let d = degP, and consider Q{x) = x d P( X - 1 ). Thus P(x)Q(x) € Z[x] 
is reciprocal. Moreover, m^iP) — m 2 (Q) — m(P,Q), thus, 

m 2 {PQ) = m 2 (P) + 2m(P, Q) + m 2 {Q) = 4m 2 (P). 



We obtain the desired bound by applying Theorem fl2l to PQ. □ 
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Remark 17 While the inequality in Theorem \12\ is sharp (as mzix— 1) = jo)> 
we do not know what happens with the inequality in Lemma \16l The best 
polynomial we were able to find is 

TO 2 (z 3 + x + 1) = 0.3275495729 
while ^ 0.2056167583.... 

We will use the bound for m2(P) in order to find a bound for m 2 h(P)- 
Proposition 18 For any nonzero polynomial P(x) € C[x], 
1. 

m 2h (P) > 7772(F)' 1 , 

2. 

m 2h (P) > m{P) 2h . 

Proof. Part 1. For any positive integer h, let / and g be functions such that 

-L/ |/|^<oo and ±-[ M W-D^ <0O . 
2vri y| x | = i a; 2?T7 ,/| x | = i a; 

Then, by Holder's inequality, we get that 

(2) 

In particular, taking f(x) = log 2 |P(a;)| and g(x) = 1, we get that 

m 2 (P) h < m 2h {P). 

Part 2. On the other hand, by taking f(x) = log|P(a;)| and g(x) — 1, and 
taking 2h instead of h in ([2]) we get that 

m(P) 2h < m 2h (P). 

□ 

Proof. [Theorem 0]. By combining Theorem [T2l Lemma [TBI and Part 1 of 
Proposition [TS] we obtain that, 



h 

m 2h (P) > 777 2 (P)' 1 > < 



(fl) ' ^ ^ > ( 2: ) i s reciprocal, 
(is) ' ^ ^ > ( :r ) i s non-reciprocal. 



□ 
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Remark 19 By Part 2 of Provosition \TSl if we assume that the lowest positive 
value of m(P) is for Lehmer's degree 10 polynomial, then for any P(x) € 7L\x\ 
with m(P) > 0, 

m 2 (P) > (0.1623576120 . . . ) 2 = 0.0263599941 .... 

However, Theorem [7] provides us with an unconditional and stronger lower 
bound 0.2056167583 ...for m 2 (P) (and m 2h (P) )■ 

Analogously, we can use the result of Smyth to find a different bound in 
Lemma \T6[ Smyth proved that for P G 1\x\ nonreciprocal, 

m{P) > m(x 3 - x - 1) ^ 0.2811995743 .... 

This can be combined with Part 2 of Proposition \18\ to obtain 

m 2 (P) > (0.2811995743 . . . f = 0.0790732005 . . . , 

2 

but this bound is less than and therefore weaker. 



3 Explicit formulae for 2-Mahler measures of cyclotomic 
polynomials 

While the classical Mahler measure for products of cyclotomic polynomials 
is uninteresting, we have seen that the same is not true for higher Mahler 
measures. In this section we show how to evaluate ui2(P) for such polynomials. 
We notice that any product of cyclotomic polynomials can be written as 



N 



P(x) 



i=l 



,di 



where we allow negative exponents. Therefore, we can compute rri2(P) if we 
understand m(x a — l,x b — 1). 

We start by proving the following useful result, which is also of independent 
interest. 

Proposition 20 For any two positive coprime integers a and b, 

2a 2 b 2 - 3ab + a 2 + b 2 - 1 



S{a,b) 



o-l 6-1 

EE 

j=0 k=Q 



6ab 



Proof. First we observe that the term inside the absolute value is positive 
when f < f • For fixed j, this happens for k = b ~ 1, . . . , ^-J + 1, that is 

for b 

0,... 

sign for b 



^■J — 1 values of k. On the other hand, it is negative when k 



that is, for 



bj 



1 values of k. Thus, ^ appears with negative 



1 values of k and with positive sign for 



b -i\ 



1 values of 
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k. Putting this into the equation (together with the same analysis for k), we 
obtain, 



6-1 



fe=0 



T 



(2-6)(a-l) (2-a)(6-l) 2 



+ 



+ 2 - a 



O 6-1 
fe=0 



T 



Assume without loss of generality that a > b. Let j; be such that 



and 



Z - 1. Then = j < ji < ■ ■ ■ < jb-i < jb = a- Thus, 



o a-1 

J=0 



a 


2 b_1 

fe=0 


T_ 


b 

1=1 3=3l-l 


a 


2 b_1 

fc=0 


T 



6 J'l-l 6-1 

/=i i=ji-i fc=o 



2 

a 



-e 



6-1 



2 



2 6-1 

■ E* 

fe=0 
6-1 



ak 
T 



■E* 

fc=0 



T 



Notice that for Z > 0, 



ft(j|-l) <z< ^ 



a a 

which implies that ji = [yj + 1. Thus, the above computation equals 

n 6-1 



6-1 / 

(«-l)(6-l)--E 



+ 



E fc 

fe=0 



T 



Because of X^=o LtJ = ^ ^ ; the above equals 



6-1 



(q-Dft-i)-* -^ 6 - 1 *-^ 



2a 



ak 


2 


2 b_1 




_T_ 


+ 


!e* 

fc=0 


T 



( ffl -l)(2a-l)(fe-l) 1 
2a 



6-1 

E 

fc=0 



afc 

T 



1 ^ a 2 fc 2 

k=0 



Observe that because (a, 6) = 1, as the term k runs through all the residues 
modulo b, so does the term b — [^J ) . Thus, the above expression is equal 
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to 



(o-l)(2a-l)(6-l) 1 
2a ab 2 



6-1 



E* 2 + SE* 



fc=0 



6-1 



k=0 



S(a,b) 



_ (a- l)(2a - 1)(6 - 1) (a 2 - 1)(6 - 1)(26 - 1) 
2a 6a6 

Finally, 

(a - 1) + (6 - 1) - 2(a - l)(b - 1) (a - 1)(6 - l)(8a6 - a - 6 - 1) 



6ab 



□ 

From the above proposition, we deduce the following theorem: 
Theorem 21 For any two positive integers a and b, 

h \ tt 2 (a. b) 2 

^-M 6 -i)=^4f- 

Proof. First assume that (a,b) = 1. Applying Lemma[T0l we observe that 

2 o-l 6-1 ' 



j=0 k=0 
2 o-l 6-1 

^EE 

j=0 fe=0 



k 


3 


b 


a 


k 2 


J 2 


b 2 ' 


F a 2 



- - i 

b a 



- _ i 
b a 



Therefore, applying Proposition EU1 we have 
m(x a - l,x b - 1) = 



tt 2 / 2a 2 6 2 + a 2 + b 2 - Sab 2a 2 b 2 - Sab + a 2 + b 2 - 1 



2 V 

7T 2 

12a6' 



6afe 



6afe 



For general a and b it suffices to notice that the change of variables y = x^ a ' b ^ 
will not affect the Mahler measure, and thus 

m(x a - 1, x b - 1) = m \xi^» - 1, xT^> - ij . 

□ 



From Theorem l21l we deduce the following proposition. 
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Proposition 22 For a positive integer n, let <j) n {x) denote the n-th cyclotomic 
polynomial and /j, be the Mobius function. For any two positive integers m and 
n, 

di\m,d2\n 

Proof. We recall that for any positive integer n, 

d | 71 

Thus, by the multiplicative Mobius inversion formula, we get that 

d\n 

From the above and from Theorem 1211 




Proposition 23 Let p be a positive prime. We have the following transfor- 
mations 

1. For k > I > 1 and p j mn, 

m((f> p k m {x),4> p i n (x)) = -J^ ^1 - m((f) rn (x),(f> n (x)). 

2. For k > 1 and p \ mn, 

m(cf> pkm (x),(j) n (x)) = -^rrr fl - ^ m(cf) m (x),<p n (x)). 

Proof. Part 1. Using Proposition l22l we have 

( \ ± ( \\ 71-2 (p k m\ fp l n\ {di,d 2 f 



12 ^— ' \ d\ J \ C?2 / ^1^2 

It is clear that only the terms with p k ~ 1 | d\ and p'" 1 | d 2 are nonzero, 
since otherwise the Mobius function factors yield zero. We write d\ — p k ~ 1 e\ 
and d 2 = p l ~ 1 e 2 . Thus 
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ei |pm,e2 |pn 



pn\ (ei,e 2 ) 2 



eie 2 p k l 



If p divides both ei and e 2 or p does not divide either of them, we get terms 
of the form 

'm\ ( n \ (/i,/ 2 ) 2 



with p\fi. 

If, on the other hand, p divides exactly one of the e^'s, we get terms of the 
form 

n\ (fi,h) 2 



with p\ fi. 

Putting all of these ideas together, we obtain 

^2 



fl\m,f 2 \n 

2 / r 



/i/ V/2/ 



2 



pk I \ p 



1 m(4> m (x),(t) n {x)), 



which proves the first part of the proposition. 

Part 2. Once again, by Proposition [221 we can write 



1 — / 'p k m\ ( n \ (di,^) 5 



As before, it is clear that p k ~ 1 \ d\ in the nonzero terms, and we can write 
di = p k ~ 1 e\. 

If p I e\, we obtain 



m\ ( n \ (/i,d 2 ) 



\2 



with p •)• /1 . 

If p j ei, we obtain 



Thus, 



fx) \d 2 J f\d 2 p 



m\ ( n\ (ei,d 2 ) 



M — M 3- 



ei / \<W eid 2 p k 1 

m(V w .(»),^(*)) = -^ ? ^r(i-i) E ^£)^(^)^ 2) 

ei 1 771,^2!'^ 



pk 
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proving the second part of the proposition. □ 

Proof. [Theorem [5] We write the prime factorizations of m and n as m = 
p\ x . . -p^Cli 1 ■ ■ ■ 1u u and n = p 1 ^ . . .pjrt^ 1 . . . Pj , where all the exponents are 
positive integers and the primes g's are different from the primes t's. Thus 
r = r((m,n)). By applying Proposition 1231 we obtain 



2 r min{fc i ,i i } U V , / 1 

^Hrn^ynin^ n b-\ 

1Z „•_! V; .-1 <7i .-1 *, -I V P 



1 - 



1 Pi i=l $i i=l i p|mn 

K»)K")-Q ? .-Q. TT ( 1 1 

2= 1 2= 1 p|mn 



= ^ 2 r(( ro ,n)) ( _ ir ( ro)+ r(»)^TT ? .TT ti TT J 
12 [m, nj J ^ J - -y 1 \ P 



^2 r (( ra ' n »(-l) r W^W( m) n) / -j-j- \ <p([m,rc]) 
12 [m, n] \ j \m,n] 

' \p\mn,p\(m,n) J 



□ 



4 Explicit formulae for 3-Mahler measures of some particular 
polynomials 

In this section, we address the case of mz{P) for P a product of cyclotomic 
polynomials. Our starting point is Remark 10 from 6 , which is the following 
statement: 

Proposition 24 We have 

l<k,l y ' 

1 v ^ cos 2n{{k + m)a — m(3) 

4 ' km(k + m) 

\<k,m v ; 

1 ^ cos 2n(la + mP) 

4 ^ lm(l + m) 

l<l,m y ' 

First, we express the above formula in terms of Clausen functions. 
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Proposition 25 For < a, j3 < 1, we have 

2m(l - x, 1 - e 27Tla x, 1 - e 2 ^x) = S*i(2tt(/3 - a))S 2 (27r/3) + S 2 (2tt(/3 - a))Si(27r/3) 

-C 3 (27ra) + 5 , i(2 7 r(a - /3))S 2 (27ra<) 
+5 2 (2^(a - /3))Si(27ra) - C 3 (2tt/3) 
+S , i(27ra)S , 2 (2 7 r^) + 5 , 2 (2 7 ra)S'i (2tt/3) 
-C 3 (2tt(/3 - a)). 



Proof. Our starting point will be the following elementary identity 

1 1 \ / 1 1 

+ 



lm(l + m) + m) 2 l 2 (l + m)J \m(l + m) 2 m 2 (l + m) 

— + —) 

l 2 m lm 2 ) 

Notice that 

E cos2it (la + m(3) ^ cos 27r((Z + m)a — m/3) 
., 1(1 + m) 2 + If l 2 (l + m) 

l</,m l<l.m 

m-^ cos2n(l(a - (3) + (I + m)(3) ^ cos 2ir((l + to) (a - f3) + 1(3) 
~ £f 1(1 + m) 2 + P(l + m) 

l</,m l<l.m 

Ecos2w(l(a — (3) + k(3) ^-^ cos2n(ka) 
Ik 2 ^ P ' 

l<l,k l<k 

Using the fact that cos27r(Z(a — /3) + kf3) = cos(2irl(a — f3)) cos(2irkf3) - 
sin(27rZ(ai — /?)) sin(27rfc/3), we can rewrite the previous identity as 

cos(27r/(a - /3)) cos(27rfc/3) ^ sin(27rZ(a - 0)) ^ sin(27rfc/3) 

Zv ] fc2 Zv j Zv fc2 

Ki Kfe 1<* Kfe 



E 



cos(27rfca) 



i<fc ft 

= Ci(27r(a - /3))C 2 (27r l 5) - Si(27r(a - /3))5 2 (2tt i 8) - C 3 (27ra). 
By exchanging /3 and a — /3 and adding, we obtain 

Ecos27r(/a + m/3) ^ cos ^(la + m/3) 
1(1 + m) 2 + V WTm) 

l<i,m v ; l<J,m v ; 

Ecos27r((Z + m)a — m/3) ^—^ cos 27r((Z + m)a — m/3) 
1(1 + m) 2 + V Z 2 (Z + m) 

l<J,m v y l<J,m v y 

= Ci(27r(a - (3))C 2 (2irP) - Si(27r(a - /3))S 2 (2tt/3) 

+C 2 (27r(a - /3))Ci(2tt/3) - S 2 (2n( a - /3))Si(27r0) - 2C 3 (2™). 
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Analogously we obtain 

cos 2ix{la + to/3) v cos 2ir(la + to/ 



Ecus zvi yiix t inp j 
rn.(l.A-rn\ 2 ^ 



and 



to(Z + to) 2 m 2 (l + m) 

l</,m l<(,m 

cos2tt((Z + to)/3 — Za) ^ cos 2tt((Z + to)/3 — Za) 
rail + to) 2 ■ 4 — ^ ra 2 (l + ra) 

l<l,m v y l</,m v y 

Ci(2tt(/3 - a))C 2 (27ra) - Si(2tt(/3 - a))S , 2 (27ra) 

+C 2 (2tt(/3 - a))Ci(27ra) - S 2 (2tt(/3 - a))5i(27ra) - 2C 3 (2tt/3), 



cos2tt((Z + to)/3 — Za) ^ cos 27r((Z + to)/? — la) 



ECUS ^71 "T — lUt) ^— \ 

TuTmY 2 h ^ 



Z(Z + to)2 ^ Z 2 (Z + to) 

Ecos 2vt((Z + m)a - m/3) v cos 2vt((Z + m)a — to/3) 
to(Z + to) 2 ^ to 2 (Z + to) 

l</,m V ' l<;,m V ; 

= Ci(27Ta)C 2 (27r/3) + S'i(27Ta)5' 2 (27T^) 

+C 2 (27ra)Ci(27r^) + S 2 {2ira)S 1 {2irf3) - 2C 3 (2tt(/3 - a)). 

On the other hand, we have 

cos 2vr(Za + to/3) ^ cos 2vr(Za + to/3) 



Ecus Aixyia -\- nip) sr-^ 
l 2 ^ h 2^ 



Z 2 to ^ Zto 2 

l</,m l<£,m 

Ecos(27rZa) >— ^ cos(2ttto/3) ^ sin(27rZa) ^ sin(2vTTO/3) 
Z 2 ^ TO ^ Z 2 ^ TO 

1<J l<m 1<Z l<m 

Ecos(2ttZq:) ^ cos(2ttto/3) ^ sin(27rZa) ^ sin(27TTO/3) 
Z ^ to 2 ^ Z ^ to 2 

\<l l<m 1<1 l<m 

= C 2 (27ra)Ci(27T/3) - 5 2 (27Ta)5' 1 (27T/3) + Ci(27ra)C 2 (27T0) - Si(2ira)S 2 (2irP). 

As before, we can obtain similar identities by exchanging /3 and a — (3 and a 
and /? — a. 

By combining the previous results, we obtain the desired formula: 

Ecos27r((fc + Z)/3 — la) ^—^ cos 2tt((Zc + m)a — to/3) 
klik + l) ^ km(k + ra) 

l<k,l l<k,m 



- E 



COS 2vt(Zq: + TO/3) 



Zto(Z + to) 

l<l,m y ' 

2S 1 (2tt(P - a))S 2 (2TrP) + 25 , 2 (2tt(/3 - a))5 , 1 (2vr^) - 2C 3 (27ra) 
+2S , i(2 7 r(a - /3))S 2 (27ra) + 2S' 2 (27r(a - /?))Si(27ra) - 2C 3 (2tt ; 3) 
+2S , i(2 7 ra)S' 2 (27r/3) + 2S , 2 (27Ta)S , i(27T^) - 2C 3 (2tt(/3 - a)). 



□ 
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We are now ready to prove Theorem [5] 
Proof. [Theorem [B] We express m 3 (P) in terms of the arguments a,: 

m s( p ) = £ m(l-e 2 " Q ^,l-e 2 " afc x,l-e 2ma; a;) 

l<j,k,l<n 

= m(l-x,l-e 2m{ak - a ^x,l-e 2 " {ai ' a ' } x). 

l<j,k,l<n 

We now apply Proposition l2"5l 

2m 3 (P) = - (C 3 (2n(a k - aj )) + C 3 {2n{ai - a k )) + C 3 (2w( aj -a,))) 

l<j,fc,i<n 

+ ^ (5i(27r(a;-a fe ))5 2 (27r(a;-a J )) + 52(27r(a / -a fe )) 1 9i(27r(ai-a i )) 

l<j,k,l<n 

+S , i(27r(a fc - a/))S 2 (27r(a fc - ay)) + S , 2 (27r(a fc - ai))Si(2n(a k - a-,)) 
+S'i(27r(a/ C - aj))S 2 (2iT(ai - a 3 -)) + S 2 (2ir(a k ~ a j ))S 1 (2n(ai - a 3 ))) 
= -3n ^ C 3 {2i:{ai - a k )) 

l<k,l<n 

+3 {Si(2ir(ai-a k ))S 2 (2K(ai-a j )) + S 2 (2ir(ai-a k ))Si(2Tr(a l -a j ))) 

\<j,k,l<n 

n 

= -3n 2 C 3 (27r(a ; -a fe )) + 6 £ S 2 (27r(a ; - a fc )) ^ S 1 [2-K{a l - a,)). 

l<k,l<n \<k,l<n 3=1 

We will use the following formula 

r -7T ( 7 - 1) < 7 < 1, 

5i(2tt7) = ^ -7r 7 = Q 7 = 0, (3) 

[ -7r( 7 + i) -1< 7 < 0, 

which can be deduced from the fact that Si(27r 7 ) = Im(— log(l — e 27 ™ 7 )). 
Thus, 

2 f " I — \ n — I 

--m 3 (P)=n C 3 (2Tr(a l -a k ))+2n ^ S 2 (2ir(a l -a k )) - a,-) - — + --- 

' l<fc,Z<" l<fc,2<n \3=1 

Notice that Xa<fc ;<n ^^^(a; — a^)) = because 5 2 (27r(o!i — afc)) cancels 
with S' 2 (27r(afc — a; J). Then 

2 I n I — \ n 
--^rn 3 (P)=n ^ C 3 (2ir(ai - a k )) + 2tt ^ S 2 (2n(ai - a k )) \na t -Y a J ^ 1 

' l<k,l<n l<k,l<n \ 3=1 

= n 2J C3(27r(a/ - afc)) + 27T 2J S 2 (27r(a; - at)) (na; - i) . 

l<k,l<n l<k,l<n 
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By exchanging k with I and taking the semi-sum, we obtain 

> 

3 



2 ^ ^ 

-m 3 (P) = n ^ C 3 (2ir(ai - a k )) + tt ^ S 2 (2n(ai - a k )) (n(aj - a k ) + k - I) 



Kk,l<n Kk.Kn 
,2 



C(3)+2n C 3 (2Tr( ai - a k )) 

l<k<l<n 

+2tt ^2 S 2 (2Tr(ai - a*)) (n(aj - a k ) - (I - k)) 



l<k<l<n 

□ 

Theorem 26 Let (a, b, c) = 1. For integers d,m, let d m = <™d = 

■ £et n fee another integer such that (d, m) | n. TTien we denote by 
[(J„fi] md f/ie unique integer between and — 1 swc/i £/ia£ it is tte solu- 
tion to t/ie equation d m x = n(mod mj). W^it/i t/iis notation we have 

-2m(x a - l,x b - l,x c - 1) 

= abc ( Kbj + W + rV) c(3) 

2c(a,6) ^ /i 2 26(a,c) ^ /i 2 



LXJ 

(r n\ ^ 



h 2 


26(a,c) 


cat(,r^) 


71 




/i 2 


2c(6, a) 


cot (V^W^) 


7T 




/l 2 


2a(c, b) 



COt 7T L ° b 



2a(b,c) f-( h 2 2c(b,a) f-( h 2 



°° COt 



26(c,a) ^ /i 2 2a(c,6) ^ /i 2 

Proof. First notice that the assumption that (a, 6, c) = 1 is not restrictive, 
since we have that m(x a — 1, x b — 1, x c — 1) = to ^ie (».i>,<0 — 1, x <». 6 . c ) — 1, x < a > 6 - c ) — l^j . 
By applying the same ideas as in Lemma [TUI 

a-l 6-1 c-l 

2to(x q - 1, x & - 1, x c - 1) = 2 ^ ^ ^ to(1 - e 2 " 3/Q x, 1 - e 2mk/b x, 1 - e 2 ™ //c x) 

j=0 fe=0 1=0 
a-l b-1 c-l 

= Y,J2J2 2m ( X " 1 " e 2 ™ k ' b - 2 ^l a x, 1 - e 2 " ; / c - 2 ^"/ Q;E) 

j=0 k =0 1=0 
a-l b-1 c-l 

j=0 fe=0 (=0 
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By applying Proposition 1251 we obtain that each term in the sum is 




We will apply formula ([3]). First assume that l - > £ > i. Then 



S(j,k,l)=- 




Now assume that ->-| = ^or- = x>^- Then 

c o a c o a 

sum) - -2,s 2 (2, (I -|)) (;-|-|)- (2, (i - 1)) - C (3). 

By considering similar analysis for other cases, we finally get 

-2m(x a - l,x b -l,x c - 1) 



k=o 1=0 v 

a— 1 c— 1 



j=0 i=0 
a-1 6-1 



j=Q k=0 



where, -ffw ( r , -) for 1 < - denotes the number of rational numbers of the 
form *j with m G Z that belong to the interval [-, ~] with the following 



(4) 
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conventions: the cases in which = - and ^ — - are counted with weight i 

d s d v ° 2 

instead of 1, and Hd (7, = — Hd (7, 7)- It is not hard to see that 



2 

We will also use the following notation 

s a x 9 .= a _ N + W = / « - L«J - I « Z. 
1 12 2 \ aeZ, 

whose Fourier series is 

1 ^-^ sin(27ra/i) 



it ' — ' h 

h=l 



We first study the terms of (0J| with C3. In this case we get 



, 6 c 

fc=0 z=o 



y^y^^ cos (2tt(| --)n) 

n=l fc=0 Z=Q 

- Eto cos (2^) E^o cos (2^) + Eto Bin (2^) E^p sin (2tt^) 

n— 1 



Here we have used that E/c=o sm (^ 7r T i ) = f° r an y Efc=o cos (^ir) = 

for b \ n and Efc=o cos ( 27r ir) = 6 for 6 I 

Regarding the terms of (U]) with S2, we obtain, 

y> g f l\\ ( { ak\ ( al 



6 c //\l^J2 

sin(27r(|-I)n)({f} 2 -{^},) 



fc=0 /=0 
00 6—1 c— 1 

n=l fc=0 /=0 

jfi Eg sin (2^ (f) n) {f } 2 E^p 1 cos (2n (i) n) - gg sin ( 27 r (f ) n) gg cos (2. (i) n) } 2 

n=l 

» Eto cos (2tt (j) n) {f} 2 Ei=o sin (2tt (|) n) - gg cos (2. (f) n ) E^ 1 sin (2tt Q) n) {f } s 

Z^ n 2 

n=l 

Eg sin (2* (f) n) { f } 2 E^o cos (2,r (i) n) + gg cos (2n (j) n) E^ 1 sin (2. (i) n) {f}, 

Zj n 2 
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We evaluate Efc=o sm (^ 7r (f ) n ) {irK" ^ ^ n we § et zer0 - If not, we apply 
the Fourier series for {-} 2 and obtain 

1 v EtoSin(27r(f)n) sin(2irfh) 
^ h 



7T 

h=l 



1 Eto(cos (*p(n ah)) cos (jg(n + ah))) 
it ^ 2h 

h=l 

The inner finite sum is different from zero only if b \ (n — ah) or b \ (n + ah) , 
in other words, ah = ±n (mod b). Notice that this is only possible if (a, b) \ n. 
Thus, we assume that n = {a,b)m. We write this as h = ±[a b 1 m} 0a + rb a 
where r is an integer that is either nonncgative or positive depending on the 
sign for the first term. Thus we get 

g sin (2n n) jyj^ = -— (^-i^ + ^ r b a + [a^m] ba ~ rb - [a^r 



bW,( a ,b)\r, 



(a,b) ( b a ,Ja b 1 m]b a ^ 1 



2tt \ [a b 1 m] ba b a ^ K _ r2 

0>&) ( [a^m]^ 

■ COt I 7T — 

ba 



Putting all of the above together for the terms with 52 , we obtain 



k=o z=o 



b c \ \ b 



CO 



cot 



^2 9/,, ^ 2^ 



2(a,6) ^ m 2 2(a,c) 

6|m,catm, 

(5) 



o|m,6at">. 6|m,catm, 



We now write m = ch in the first term and m = bh in the second term. This 
can be done since (a, b, c) = 1. Then 

b a b a 
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and analogously in the second term. Thus equation ([5]) equals 

1 " cot (^tz) 1 f ^ot(,^) 
2c(a,6) ^ /i 2 26(a,c) ^ /i 2 

Finally, we get 

-2m{x a - l,x b -l,x c - 1) 



abc ( + W + rV) c(3) 

2e(a,6) f-^ h 2 2b(a,c) f-^ h 2 

ba^ch c a \bh 

°° COt 7T L c ' b _ 00 COt 7T L ° J " 

7T ^ V Ci > / ^ V ab / 



2a(6,c) ^ ft, 2 2c(6,a) ^ ^ 

cot(7r L -" r- bh N | „ ^ cot U [c ^l b ; ah 



2b(c,a) ^ n 2 2a(c,6) ^ P 



This concludes the proof of Theorem [251 D 

We can immediately deduce some particular formulae. 
Corollary 27 1. For positive integers a and b with (a,b) = 1, 



h=l 



2. For an odd integer d, we /iawe 

m(> - l,x 4 - l,x 2d - 1) 



Ted 2 -^ + 16 E 

df2h 



COt(TTf) 7T 



/i 2 



+ 77 



E 

h=l 



cot 



(^) 



/i 2 
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Here are some particular 


cases 






m(x — 1, x b — 


l,x b - 


1) = 


3 


m(x 2 — l,x b — 


l,x b - 


1) = 




m(x 3 - l,x b - 


l,x b - 


1) = 


2Q 


m(x 4 — 1, x b — 


l,x b - 


1) = 





Here Z/(s,x) denotes the Dirichlet L-series in the corresponding character \, 
i-e.,^,x) = Er=i#- 



5 Limiting values for m*- 

In [2], Boyd suggests a different point of view for the study of Lehmer's ques- 
tion. He proposes the study of the set 

L = {m(P) : P univariate with integer coefficients} C [0, oo). 

(Boyd writes this in terms of the Mahler measure M(P) = e mtyP ^ but we will 
keep everything in terms of the logarithmic Mahler measure for consistency.) 
The idea is that Lehmer's question can be translated as whether is a limit 
point of L. In fact, as Boyd points out, if is a limit point of L, then L is 
dense in [0,oo). A negative answer to Lehmer's question yields a much more 
interesting L. Presumably, L is not closed, since L consists of logarithms of 
algebraic numbers, but z — 2^C(3) is a limit point of L and we do not 
expect zq to be the logarithm of an algebraic number. If the above is true and 
if Lehmer's question has a negative answer, then one could ask about other 
limit points for L. 

In this section, we proceed to study limits of some sequences in 

£2/1+1 = {m2h+l(P) '■ P univariate with integer coefficients}, 

with special focus on as a limit point. Namely, we will show that we can 
obtain certain values (including 0) as limit of sequences {m2t+i(P„)} n where 
P n 6Z[i]. 

By a generalization of a result of Boyd and Lawton (Theorem 1301) . mk 
of any multivariate polynomial is a limit of a sequence of mk of univariate 
polynomials. Therefore, the set 

-^2/1+1 = { m 2h+i(P) ■ P multivariate with integer coefficients}, 

is included in the closure of L2h+i- We will see that Lehmer's question has a 
positive answer for m^h+i for h > 1. Thus, following Boyd, Lf h+1 can not be 
a closed set. 
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5.1 Limiting values for m 3 



In order to find limit points of m 3 of certain sequences of polynomials, we will 
need the following result. 

Lemma 28 1. Let r e Z, r ^ and p € Z. Then 



lim^V H *p) 

p^-oc p — ' 



h=l 

p\rh 



h 2 



2. Let p 6Z 6e odd. Then 



00 COt 7T 



. (p+l)fc 
2p 



ft 2 



C(3). 



= C(3). 



Proof. Part 1. Observe that cot(x) < \ for < x < n. Thus, for < h < 
we can write 

r7i\ p 

COt I 7T — < — — . 

p ) rhn 



Moreover, for p\h,we have that 



COt 7T 



rh 



< 



Thus, 



p ^ 



00 cot 



h=l 
p\rh 



h 2 



cot 



p * — ' ft 2 p ^ 



h 2 



< 



E /j3 + r E ft.: 



l<h<i 



h 2 



On the other hand, lim^o x cot (a;) = 1. Given e > 0, take p large enough 
such that 



cot 7T 



P 



for any < /i < ^/p. Let if = [y/p\ • Then 
00 cot 



P 



E 



/j 2 



h=l 



h 2 



E 

h = H 

V \Th 



cot 



("*) 



h 2 



. \ 1 T7T \ -\ 

^- £ )E^- 7 E 

h=l F h=H 

V \Th 



cot 



("*) 



h 2 



> 



H oo 
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Taking the limit when p — ¥ oo, we conclude that 

cot (nf) 



hm i± y 

p~ >oo p — ' 



h=l 



h 2 



= C(3). 



Part 2. 



4-7T 



00 cot 



E 

h=l 



(^) 

/l 2 



47T 



E 

h=l 

2\h,p\h 



/l 2 



47T 



E 

h=\ 



cot 



(^) 

h? 



(6) 

For the first term, we let h = 2j. For the second term, we observe that, for 
< h < p, 



COt 7T 



(p +l)h 
2p 



7T /l7T 
'2 2^ 



and for p f /i, 



COt 7T 



>+l)/i 



Thus, equation ([6]) equals 

. (p+i)j ' 



-E 



00 COt 7T 



3 = 1 

p'j 



47T 



2p 



cot 



COt 7T 



< 



p + h 



< 



2p 



w(p + h) ' 



2p 



< 



IT. 



00 cot 



B) 



00 cot 



; E 

l<h<p 



E 

i</i<p 

1 

(p+h)h 2 



47T 



°° cot 



/i 2 



E 



(^) 

/l 2 



00 1 

^ /l 2 



p<h 



< 



H) 



_ ^ COL 7T*- o 1 



p<fl 

P'fl 



Similarly, we can write 

4 ^ - cat _ - cotfvri") o 00 1 

^ h=l ^ 3=1 J r p<h 

?\h p\j p]h 

By taking the limit when p — > 00 and using Part 1, we conclude the proof. □ 

We will now compute 7713 for some sequences of polynomials and take their 
limits. This process will provide us with limit points for the values of 7713 as 
well as infinitely many polynomials P with positive and negative values of 
m 3 (P). 
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1 . Consider the family of polynomials x *_l ■ From part 1 of Corollary [571 we 
have that 



m 3 



x p - 1 
x- 1 



m^{x p — 1) — m 3 (x — 1) + 3m(x p — 1, x — 1, x — 1) 
3m(x p - l,x p - l,x- 1) 



( 



2+p z 
2p 2 

9p - 6 - 3p 3 

v 



«3) + fE 



00 cot 



V 



h=l 

P'h 



«3) + ^f COt ^ 



h=l 

p+h 



/; 2 



Thus, 



lim m 3 

p— >oo 



X p - 1 

x- 1 



= lim 

p— >oo 



= lim 



9p - 6 - 3p 3 
9p-6- 3p 3 

v 



cot 



B) 



2 ^ /i 2 



C(3) + f C(3) 



0. 



Thus, seems to be a limit point for L 3 . 
2. Now, let us focus on the case of {x p — l)(x — 1). Again, we apply part 1 of 
Corollary [27J in order to obtain 

m 3 ((x p - l)(x - 1)) = m 3 (x p - 1) + m 3 (x - 1) + 3m(x p - 1, x - 1, x - 1) 
+ 3rn(x p -l,x p -l,x-l) 



= 3 -C(3) - 




c(3) + ?E 



00 cot 



h — 1 

pfh 



3tt 



2p 2 



c(3) + ^E 



h 2 



cot 



- ^< 3 > 



2 ^ /l 2 



Thus. 



lim 7713 ((x p — l)(x — 1)) = lim 

p— >oo p— >oo 



-6p 2 — 9p — 6 — 3P" 



C(3) 



3tt 



E 



cot 



B) 



2 ^ ^ 2 

p'h 



-3C(3). 
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Thus, — 3C(3) seems to be a limit point for L$. In addition, we obtain 
infinitely many polynomials P such that m^(P) < 0. 
3. We now look at the case a = 1, b = 4 and c = 2d with d odd. Applying part 
2 of Corollary |2~T1 and observing that for an odd integer d, [2 _1 ]d = 2±lj 
we get 



m 3 



•Qr 4 -!)^-!) 
. (*"1) 2 



m 3 (x 4 - 1) + m 3 (ir 2<1 - 1) - 8m 3 (x - 1) 



,2<f 



+3m(i 4 - l,x 2d - l,x 
+3™(a; 4 -l,x 4 -l,x 2d -l) 
+ I2m(x 4 -l,x-l,x-l) 



l,x 4 - l,x- 1) 



— 6m(a; 4 
+ I2m(a; 2d - 1, a; - 1, x - 1) 



-6m(x zd - l,x 
-12m(x — l,x 



2,1 



2d 



1,X-1) 
1,1-1) 



= -§C(3) - §C(3) + 12C(3) 



15 

4rf 



C(3)- 



6 + 3d 3 
4d 2 



C(3) 



37T ^ cot i 71 " 

ft 2 " 



— «3) + 6irL(2,x-4) + j((3) 

h=l 

27 + 3d3 . C(3 )_^g cot (^) 



2rZ 



C(3) 



4d 2 



ft 2 



3tt 



cot 



(^) 



2 ^ h 2 

h=l 
d\h 

9 + 3d - 54d 2 - 48d 3 
id 2 

37T ^ cot (V M 



C(3)+67rL(2, X _ 4 ) 

cot 



h = l 
d\h 



h 2 



h=l 
2d\h 



2h-~ 



37T ^ C<>(. (,T# 
" 4 2^ 



h=l 
df2h 



h 2 



3^ cot 
2 2.^ 



h=l 
d'h 



/l 2 
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Thus 

/(.t 4 - l){x 2d - 1)\ ,. /9 + 3d-54d 2 -48cf\ 

i^ m3 (, — — J = ,& { & c(3) 

« r/o \ 3TT^COt(Tr^) 

+6rri(2, X - 4 ) + T E^J jiZ 

h = l 

- cot (.A) Srr^cot^f) 

h = l 
2d\h 




q I 

+6ttL(2,x-4) + T C(3) 

+ 12dC(3)-yC(3)-yC(3) 
27 

= 67ri(2, x-i) - y C(3) = 1.0377764969 . . . 

Thus, 6ttL(2, X-4) ~ irC(3) seems to be a limit point for L3. In addition, 
we obtain infinitely many polynomials P such that 7713 (P) > 0. 
It is not generally hard to find positive limit points for m^(P), for example, 
one can take the sequence (x n + 3)(x + 3). It is clear that mz((x n + 3)(x + 
3)) > log 3 4 > 0. 



5.2 Limit values for higher Mahler measures 

Analogously to the Mahler measure for one variable, the Mahler measure of 
a non-zero multi- variable polynomial P(xx, . . . , x n ) £ C[ be 
defined as 

This generalization can be extended to the multiple (and higher) Mahler 
measure. Let Pi,..., Pi £ C[x\, . . . ,x n ] be nonzero polynomials. Then, we 
define m(Pi, . . . , Pi) as 

Iff dx^ dcCfi 
— — — / .../ log|Pi(a;i,...,x„)|...log|Pi(xi,...,a; n )| -. 

(27Tl)™ J\ Xl \ = l J\x n \=l X l X n 

Boyd |3] conjectured the following important statement, which was completely 
proved by Lawton [5]. 
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Theorem 29 Let P(xi, . . . ,x n ) E C[xi, . . . , x n ] and r = (ri, . . . , r„), r, € 
Z>o- Define P r (x) as 

P r (x)=P(x r \...,x r "), 

and let 

q(r) = min j H(s) : s = ( 3l , . . . , s n ) E Z n , s ^ (0, . . . , 0), s i r o = 

where H(s) = max{|sj| : 1 < j < n}. Then 

lim m(P r ) = m{P). 

q(r)— »oo 

It is a simple exercise to generalize the techniques of Lawton to prove 
an analogous result for multiple Mahler measures. That is, under the same 
conditions as above, one can show 

Theorem 30 Let Pi, . . . , Pi E C[xi, . . . , x n ], and r as before. Then 
lim m(P lT ,...,P lT ) = m(P 1 ,...,P l ). 

q(r)— >oo 

As an immediate application of Theorem 1301 we get that for any a > 1, 
lim m(x a — 1, x p — 1, x p — 1) = m(x — 1)777,2(2/ — 1) = 

p—¥oo 

and 

lim m(x a — 1, x a — 1, x p — 1) = m 2 (o; — 1)777(7/ — 1) = 0. 

Thus, the limits from Section [5TTI follow from this. An advantage of Theo- 
rem [3D] over the techniques in Section [5.1l is that it gives us the limits of mk of 
these sequences for all values of k. For example, we immediately obtain that 



lim m 2 h+i — = 0. 

n-s-oc \ X — 1 J 

We will prove in the next subsection that the above sequence (for h > 
fixed) is nonconstant. While is a limit point of 777271+1, what can be said 
about positive and negative values? As in the case of 7773 , it is not hard to see 
that m,k(x + 3) > log* 2 > 0. Using Theorem [3UJ we can see that the sequence 
iri'2h+i{{x n + 3)(x + 3)) has a positive limit. As for negative limits, the sequence 
iri'2h+i{{x n — l)(s — 1)) provides a good example. To see this, we apply the 
following result from [6] (Theorem 3): 

Theorem 31 For I E Z>i, 

fciH hbj=Z, bi>2 

where 

c(6i,...,m = Y. 



61 bj 

l<Pl< - <Pj Pi ■■ - Pj 
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From Theorem 1501 we get that 

lim m 2 h+i{(x n -l){x- 1)) = m 2h +i((y - l)(x - 1)) 



2,1+1 '2h + l 



E 

i=0 



m,i(y - l)m 2 / l +i-i(x - 1). 



Moreover, Theorem |3"T1 tells us that mi(x— 1) < for odd I and mi(x— 1) > 
for even I, that is, each term on the right hand side of the above equation is 
negative. Thus, m 2 h+i((x n — l)(x — 1)) has a negative limit. 

2 

On a different note, observe that is a limiting value for iri2, since, by 
Theorem 19 (iv) in [6], we have that 7112(2; + y + 2) = y^. Thus 



lim m 2 {x n + x + 2) = — . 

n— Kx> 12 



5.3 A proof that certain sequences are nonconstant 

As usual, Theorem [3D] does not say anything about the sequence of values 
fri2h+i ( ^x-i ) ' wn i cn m principle could be constant (and therefore, identically 
zero). This is precisely the case with h = 0. 
Fortunately, we have the following result. 

Theorem 32 Let h > 1 fixed and P n (x) = x ~} . Then the sequence m 2 h+i(Pn) 
is nonconstant. 

The idea of this proof was provided to us by Kannan Soundararajan. We will 
need some auxiliary results first. 

Lemma 33 Let a, m G Z with m positive. Let 

1 



T m (a) := 



o \h\...\U 



Then, for a^O, 



r-W- '-'-y H ( 1 + o(.o^ M )). 
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Proof. First notice that T m (a) = T m (—a), so we can assume that a is positive. 
By multiplying and dividing by l\ + ■ ■ ■ + £ m = a, we obtain that 



*l + ---+« m =C« 



- V sign^T^a-*) 



E T m _ 1 {a-t) + Y J T m -i{a-t)+ ^ r m _i(a-*) + £ T m _i(a-*) 

fc-oc £=1 £=a+l £=2a+l / 



o 

-1 a 2a 



= -VT m _ 1 (i)--(T ro _ 1 (0) + T m _ 1 (a)). 
i=o 

Now observe that Ti(a) = for a ^ 0. We proceed by induction. Assume 
that the statement is true for m. Then 

T ro+ i (a) = -i -VT m (j) (T m (0)+T m (a)) 

a ^—^ a 

2(m+l) ^ 2 m - 1 mlog m - 1 j . „ „ _ 2 ... m + 1 2 ro - 1 mlog 7 "- 1 a _ 2 
= a E r -(l + C(log 2 J))-— ^ (l + 0(log 2 a)) 

We now replace the above sum with the integral of — - (with exponent 
m — 3 for the error term). This replacement introduces another error term of 

O ( ^V ) ■ Wc deduce that 

Wo) . T^pi ( log ™ q + o (^)) + o (**p£) - »-■"(■■. + Db,-' ■» (1 + o (io g - a) ) 

= 2 "' (m + 1) log™ a (1 + (log- 2 a)) . 



□ 



Proposition 34 Letj,k G Z>i. T/iere is a positive constant C (j , k) such that 



<1+ ... + ^ +n ^. +1+ ... +n ^. +fe=0 
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Proof. We have that 

tfjS = E T i(» a ) T *(- a ) 

= 2 £ ^iVlH (1 + (log - 2 |na|)) Tfe(a) . 

We only need to study the behavior when n goes to infinity. Therefore, we 
do not need to have a in the error term. We write log 3-1 \na\ = log-' -1 |n| + 
0(\og^~ 2 |n|) and we obtain 

Q— 1 

Notice that Tfc(a) > by construction, and so is C(j, fc). □ 

Proof. [Theorem I32| By writing the integral and using Fourier expansions, we 
obtain 



m 2 h+i(P n ) = 




By Proposition [Ml the term with the highest weight in n is for j = 2h. Notice 
that the condition h > 1 is necessary because otherwise we obtain a formula 
that does not depend on n. Thus, we have 

m 2h+1 (P n ) = -& + Q C (2h, 1)^^ (1 + (log" 1 „)) . 

Therfore, m2h+i{Pn) behaves like a nonzero constant times log — - when n 
goes to infinity. This implies that the sequence can not be identically zero. □ 

The discussion in this section proves Theorem [7] 
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6 Discussion on the values of rrik(P) 

We will once again focus our attention on the set 



Lk = {rrik(P) '■ P univariate with integer coefficients}. 



For k — 2, we have 



L-2 = {m 2 (P) : P univariate with integer coefficients} C 



— , oo 

48' 



In this context, the first noticeable difference between m(P) and m,2(P) is 
that the cyclotomic polynomials are interesting in terms of m2(P). We have 
explored this phenomenon in this note. Many questions remain, however, and 
in particular, the question of what happens with the reciprocal noncyclotomic 
polynomials -the ones that are interesting in the case of the classical Mahler 
measure- is presumably as interesting and difficult as in the case of the classical 
Mahler measure. In particular, equation ([1]) and Proposition [TBI suggest that 
a natural object to study is m,2(P) — m(P) 2 . 

The following table records the noncyclotomic polynomials of degree less 
or equal than 14 with m{P) < 0.25. The data has been obtained from the gen- 
erator in Mossinghoff 's website [TT]. We observe that the smallest polynomial 
(in the table) in terms of ni2(P) is not the degree-10 polynomial of Lehmer, 
but x 10 + x 9 — x 5 + x + 1. In fact, all the polynomials in the table have m,2(P) 
smaller than Lehmer's polynomial. This result comes from the fact that the 
term m(P) 2 in equation ([T]) seems considerably smaller than the other terms, 
and therefore, the contribution of m(P) to the value of ni2(P) is relatively 
small for polynomials of small m{P). 
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x 14 - x 12 + x 11 - X 9 + x 7 - X 5 + x 3 - x 2 + 1 







2272100851 


1 
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x 14 


+ x 11 + a; 10 + x 9 + x s + x 7 + x e + x 5 + x 4 + x 3 


f 1 





2351686174 
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4352060397 




x 14 + x 13 - x s - X 7 - X 6 + X + 1 
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1 
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x 14 


+ x 13 + x 12 - x 9 - x s - x 7 - x e - X 5 + x 2 + X + 1 
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x 14 + x 13 - x 11 - X 7 - X 3 + X + 1 
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1 
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Analogously, we can translate the speculations about L 2 to the case of L 2 h 

'ay 



with h > 1, a set that satisfies L 2 /i C 



, oo 



On the other hand, we have proved that L2h+i (for h > 0) has positive and 
negative values. By taking powers, it is easy to build sequences of polynomials 
whose rri2h+i tend to either oo or — oo. We have also seen that is a limit point. 
Notice that this last fact is related to m,2h+i being nontrivial on cyclotomic 
polynomials, something that is not true in the case of the classical Mahler 
measure. 

In conclusion, we see that (P) has very different behavior depending on 
the parity of k. We expect that TOfe(P) for k > 1 is nontrivial for cyclotomic 
polynomials, and that this fact answers Lehmer's question for k > 1. 
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